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Turbulent entrainment at the density interface of a stable two-layer stratified
fluid is studied in the laboratory, a constant surface stress being applied at the
free surface. Conservation of mass requires that the overall Richardson number
Ri = Dgép[pu? is constant in each experiment, where D is the depth of the
mixed layer, gdp/p the buoyancy difference and u, the friction velocity. If the
entrainment rate £ = u, fu, is a function only of R, it is therefore constant in
each experiment and can be measured with a greater accuracy than has previously
been attained. The functional dependence of u,/u, on Ri is established over the
range 30 < Ri < 1000; it is found not to follow any simple power law. The
entrainment rates are considerably higher than those measured by Kato &
Phillips (1969), for which the fluid below the mixed layer was linearly stratified.
Such a condition allows internal gravity waves to be radiated downwards and
the reduction in entrainment rate is consistent with that found by Linden (1975).

1. Introduction

Turbulent mixing by entrainment across a stable density interface is a common
process in a variety of geophysical flows. Turbulence in the upper layer of the
ocean or of a lake, generated directly by the wind or by wind-induced shear,
penetrates into denser, more quiescent fluid below. Similarly, in the atmosphere
a low level, highly stable inversion frequently forms at the top of a mixed
layer above the ground. In each case, the entrainment must proceed against a
stable density jump.

A number of pertinent laboratory experiments of two types have been under-
taken to study this process. In the first kind, pioneered by Rouse & Dodu (1955)
and later investigated in detail by Turner’s group in Cambridge, the turbulence
is produced by one or two oscillating grids in a tank filled with stratified fluid.
The result is the appearance of a stable density interface separating an essenti-
ally homogeneous turbulent layer of fluid from almost quiescent fluid (with a
single stirrer) or from another quasi-homogeneous turbulent layer (with two
stirrers). In these experiments there is no significant mean flow or shear. The
presence of a shear across the interface is very common in the atmosphere and
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the ocean, so that it is difficult to apply results from these experiments directly
to many field situations. Nevertheless, valuable information has been obtained
by Crapper & Linden (1974), Cromwell (1960), Thompson & Turner (1975),
Turner (1968, 1973) and Wolanski & Brush (1975), though there remain a
number of discrepancies. Turner found that £ = u,fuoc Ri~! at low Richardson
numbers but for higher values of Ri, Eoc Ri~! when the stratification was
produced by temperature differences and Eoc Ri-% when it was the result of
salinity differences. Although this apparently implies that the entrainment rate
depends on the Péclet number Pe = [u/k, where k is the molecular diffusivity,
later measurements of the interfacial structure by Crapper & Linden (1974)
seem to indicate that at high enough Péclet numbers the entrainment should
not be influenced by molecular diffusivity. Experiments of this kind have been
described in the recent comprehensive monograph by Turner (1973). (See also
Kantha 1975.)

The second type of experiment involves shear-flow turbulence produced either
by a surface stress in an annular tank (as in Kato & Phillips 1969) or by the
momentum flux from a series of jets directed along the wall as in the race-track
apparatus of Moore & Long (1971). Each of these studies suggested that Eoc Ri—1,
though the scatter, particularly in the Kato—Phillips experiment, was consider-
able. In these experiments, the turbulence in the mixed layer is partially or
totally supported by shear and it is not evident that results from stirring experi-
ments are germaine to this situation. Not only is the turbulent structure in the
shear layer different, but the mechanisms involved in the entrainment itself are
different in the two types of experiment.

In the stirring experiments, visual observations indicate that the eddies
produced by the grid impinge upon the interface, setting up a pattern of irregular
interfacial standing waves, which sporadically break, resulting in the ejection
of thin filaments of fluid from the denser into the lighter layer, with subsequent
mixing. The entrainment may also proceed by the mechanism of deformation
of the interface by eddies, subsequent recoil and ejection of the fluid from the
denser region across the interface as proposed by Linden (1973). In contrast, the
experimentswithshearata low overall Richardson number produce a convoluted
interface not unlike that in a constant-density flow such as that at the outside
edge of a boundary layer. At higher values of the Richardson number, the ampli-
tude of the convolutions decreases but if the upper fluid is dyed, the interfacial
region is observed to contain sporadic groups of rolling eddies at the base of the
turbulent region, not unlike those observed by Thorpe in the instability of a
stratified shear layer. The flow is, of course, highly turbulent; nevertheless,
these eddies occur intermittently in quite regular groups of four or six. At even
higher Richardson numbers, the interface is almost flat: the convolutions and
eddies have gone and it looks more like an air—water interface ruffled (in slow
motion) as if by the wind, but with occasional wisps of the lower fluid being
drawn up.

The experiment described here involves a very simple but significant improve-
ment on the Kato—Phillips experiment. The same apparatus is used but instead
of an initially uniformly stratified fluid, the tank initially contains two homo-
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geneous layers with a density difference dp. As the entrainment proceeds, con-
servation of mass requires that dpD is constant, so that in a given experiment,
and with u, held fixed, the overall Richardson number is constant. In the
absence of extraneous effects, the entrainment velocity u, is also constant and
the depth of the mixed layer alinear function of time whose slope can be measured
with reasonable accuracy. The experiment is then self-checking, departures
from linearity in D(t) as a function of time indicating the onset of unwanted side
effects, as described in detail below. Furthermore, the fact that the lower layer
is homogeneous prevents the radiation of internal gravity waves from the
moving interface, a source of energy loss that is difficult to measure with accuracy.
It can, however, be substantial, as Linden (1975) showed in a stirring experiment
of the Turner type. A disadvantage of the present experiment is that each run
provides a single point on the curve u,/u, = f(Ri), so that to define this curve,
the experiment must be repeated a number of times.

2. The experiment

The present investigation uses the same apparatus as that of Kato & Phillips
(1969). Its salient features will be described briefly, but for a more detailed
discussion of the experimental arrangement and the procedures used, the
reader is referred to the paper by Kato & Phillips.

The annular tank used in the investigations, illustrated in figure 1, has inner
and outer diameters of 106-7 cm and 152-4 cm respectively and is mounted on a
horizontal base. The channel cross-section is 22:8 cm wide and 28cm deep.
Observations of the interface were made through a Plexiglas window in the
outer wall of the tank. The interface was illuminated by a narrow slit of light
(0-5 x 4cm) through a glass window in the bottom of the tank. This beam
illuminated only the centre of the channel cross-section and the interface was
photographed by a 16 mm movie camera through the Plexiglas window in the
side wall.

The surface stress was applied by means of a rotating screen at the surface,
the total torque being measured by the extension of a light spring. Allowance
was made for the friction in the wheel bearings; at the angular velocities normally
used in the experiment, this was found to be constant and equal to 6 %, in the
worst case. The shear stress applied to the water surface is then

7 =puy = (T~ Tp)/AR,

where T, is the torque indicated by the deflexion of the turntable, Tp is the
frictional torque in the bearings, 4 is the surface area of the tank and R the
mean radius. The friction velocity u, is then (7/p)}, where p is the density of
fresh water.

A two-layer stratified system was produced by first filling the tank to the
required depth with fresh water mixed with Flourescin dye, and then letting
salt solution flow slowly into the tank through a hole in the bottom. The hole was
capped by a thin flat plate so that the salt solution was forced to emerge only
horizontally, under the fresh-water layer. The salt solution gradually lifted the
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Fieure 1. A cross-sectional sketch of the experimental apparatus.
A photograph is given in Kato & Phillips (1969).

fresh-water layer towards the screen as filling continued. It usually took slightly
more than an hour (the corresponding diffusion length scale being approximately
0-2 cm) to fill the tank and it was found that a reasonably sharp interface could
be obtained by this method. The salt-water inflow was stopped when the screen
was just immersed in the fresh-water layer at the top, with the cross-struts clear
of the water. Because of the somewhat poorer condition of the equipment, it
was not possible to adjust the height of the screen and maintain it horizontal to
within any better than + 0-5cm, as opposed to the +0-2cm indicated by Kato
& Phillips. Also, the clearances between the edge of the screen and the sides of
the tank were somewhat larger than the 0-4 cm quoted by them, and less uniform.

The interface between the light fresh-water layer at the top and the heavier
salt solution at the bottom was visible as the result of the Fluorescin dye in the
fresh water. The dye emits green radiation when illuminated by the slit of light.
The light beam passes through the bottom layer with little scattering, and on
encountering the dye in the mixed layer, the scattered light intensity undergoes
a distinct jump at the interface. This is recorded on film by the movie camera,
and the bottom of the interface is clearly and distinctly visible in the photo-
graphs. The motion of the wheel carrying equidistant light-reflecting marks was
also visible in the movie photographs, so that the average speed of the screen
could be found as a function of time. A centimetre scale mounted on the inner wall
of the Plexiglas window and a stop-watch in the field of view of the camera
aided the determination of the depth of the mixed layer and the angular velocity
of the screen as a function of time. The procedure was to start the motor and the
stop-watch with the camera on and to increase the motor speed smoothly but
quickly until the desired angular deflexion of the turntable was attained. The
motor was then constantly and continuously adjusted by manipulation of the
speed control knob of the motor controller in order to maintain a constant turn-
table deflexion. Since the frictional loss in the wheel bearings is practically
constant at the angular velocities of interest and the correction for inertia of the
screen is negligible, the result is the application of a constant stress at the top
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of the fluid throughout the experiment. The magnitude of the applied stress
during the few seconds it took to start the system and bring it to the desired
running speed is, however, uncertain but the starting time was never more than
29, of the average overall duration of the experiment, even at the lowest
Richardson numbers.

The movies were projected on a screen with a 16 mm movie editor and read
to determine the depth D of the mixed layer and the angular velocity Q of the
screen as functions of time. Because of the large convolutions of the interface at
low Richardson numbers, the depth D was measured as an average over a few
frames for each value, but in spite of this, the error in the determination under
these conditions is higher and the scatter larger than at high Richardson numbers.
Above a Richardson number of about 200, it was possible to read off the position
of the interface visually during the experiment. Motion pictures were also taken
of these cases in order to determine the screen velocities.

Experiments were made at values of R¢ from about 30 to 1100, where
Ri = D, gdp,[pul, where D, and dp, are the initial depth of the mixed layer and
the initial density jump across the interface. From conservation of mass, DAp
remains constant throughout the experiment and because a constant shear stress
isapplied and maintained during the experiment, Ri remains constant throughout
the experiment. Measurements at different Richardson numbers required re-
pitition of the experiment and it was important to have as large a range of Ri
as possible. The apparatus was difficult to control well if the friction velocity was
less than 1-4 cm/s and it was felt inadvisable to use an initial depth of more than
5-4cm because of the possible influence of aspect ratio, the ratio of width to
depth. As a result, higher values of Ri could be attained only by an increase in
the initial density contrast dp,/p. With the use of common salt, the maximum
density difference that could be attained was limited to about 0-2 and the
maximum Richardson number to about 500. The only recourse was to use a
salt of higher solubility and CaCl, was found to give values of dp/p of up to 0-4.
There are, however, several difficulties in the use of such a large density contrast.
Variations in fluid inertia are not insignificant and the Boussinesq approximation
becomes inaccurate. Moreover, the molecular viscosity of the solution increases
(as shown in figure 2) with higher salt coneentrations but only two experiments
were conducted with the solutions initially almost saturated. In all cases, the
minimum Reynolds number was high enough for the mixed layer to be fully
turbulent. Some simple considerations below suggest that the variations in fluid
inertia may produce an error of approximately 209, at most; the agreement
between experiments at the same Richardson number but different dp/p suggests
that this upper limit is probably generous.

Experiments were performed at friction velocities of 1-41 and 1-93 cm/s
(corrected for friction in the wheel bearings). In most of the experiments, the
initial depth of the upper layer was 5-4cm, but in some, D; was 2:7cm. Both
sodium chloride and calcium chloride were used to produce density stratification,
but the majority of the experiments were done with common salt. Although
(aCl, was used mainly to produce higher Richardson numbers, some runs were
made at values between 30 and 500 attainable with NaCl also, in order to compare
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Ficure 2. The variation of kinematic viscosity with dpfp for sodium chloride and
calcium chloride solutions at 20 °C, measured with & rotating-cylinder viscometer.

the entrainment rates for the two salts at the same Ri. Below R: = 300, there
was no detectable difference between the results; at Ri = 500 the calcium
chloride gave entrainment rates slightly, though probably significantly, smaller
than NaCl. With the exception of runs at dp;/p = 0-31 and 0-4, the kinematic
viscosity of the heavier salt layer was never more than twice that of pure water.
At ép;/p = 0-31 it was approximately three times that of water and in two
experiments (R: = 1090) at dp,/p = 0-4 the kinematic viscosity was abnormally
high, about six times that of water.

The period of revolution of the screen never fell below 9s, except for a few
seconds at the start, and the correction for friction in the bearings was approxi-
mately constant, equivalent to a shear stress of 0-26 + 0-03 cgs units. In each
experiment u , was kept as nearly as possible constant and we estimate that even
considering the errors in calibration and the small oscillations about the mean
position of the turntable, after the initial acceleration, the u, values cannot
have an error of more than about 3-4 9,. The acceleration period comprised only
a small fraction of the total duration of each experiment, even at low Ri, and
during this interval, the effective applied stress was somewhat smaller (by
perhaps 10 %). This could be partly responsible for the slightly smaller entrain-
ment rates observed initially in most of the experiments. However, the entrain-
ment rates at a fixed aspect ratio of 0-25 were obtained both from experiments
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in which the initial depth was 2:7cm (D,/W = 0-12) and from those in which
D;was 5-4cm (D,;/W = 0-24); in the latter case the entrainment rate was obtained
by extrapolating back almost to the starting point. The good consistency between
the values estimated in these different experiments suggested that the influence
of the initial acceleration phase was small.

3. Results from the experiment

There were obvious differences in the nature of the flow among experiments
in which the overall Richardson number R: = Dgdp/pul ranged from 30 to
1100. At lower values, the interface developed massive convolutions similar to
those observed in a homogeneous fluid at the outer edge of a boundary layer or a
jet and one might speculate that the entrainment processes by which non-
turbulent fluid is incorporated into the turbulence are similar. At intermediate
Richardson numbers, 100-300, the convolutions were still present but accom-
panying them were intermittent groups of more regular eddies in the interfacial
region, transverse to the flow and apparently the result of a local instability of
the Kelvin—-Helmholtz type. The scale of these eddies was considerably smaller
than the depth of the turbulent layer as a whole, indicating that the instability
was indeed local and associated with the relatively thin region of higher static
stability and high shear at the base of the turbulent layer. Groups of eddies
could be seen to develop, roll up and disappear into the turbulent background,
and after a time, another group would appear. The sporadic nature of their
occurrence suggests that they arise in response to a transient decrease in the
local Richardson number

g9dp[oz
= p(oufz)?
near the interface sufficient to promote the instability, the growth of the eddies
and subsequent redistribution of mass and momentum restoring local stability
(in this sense). It was not possible in these experiments to estimate the velocity
and density gradients in the interfacial region but Dr L. Wyatt has measured
from films of the experiment the frequency of occurrence of these events and
estimated their contribution to the total rate of entrainment. Her work will be
published elsewhere.

With a further increase in B¢, the extent of the convolutions becomes smaller
and eventually a state is reached in which the interface is so stable that the
turbulent eddies above rarely possess sufficient kinetic energy to lift or draw
fluid from the denser layer across the interface. The interface remains sharp, in
essence flat but with transient ripples and occasional wisps of fluid being drawn
up. If the interfacial thickness is ¢, turbulent entrainment requires that

pusk 2 dpge,

i.e. that the kinetic energy resident in the turbulent eddies matches or exceeds
the potential energy needed to lift a parcel of heavier fluid across the interface, or

Dydplpui < Dle.
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Alower limit to € occurs when the transfer across the interface is purely diffusive,
in which case € ~ kfu,, so that for turbulent entrainment

P_gg’ < (2%) (ﬂ) . (1)
pus K Uy

At the higher Richardson numbers of the experiments, this condition was not
satisfied strongly and, as will be seen later, the entrainment rate drops off
sharply, so that the experiment, in some cases, took up to ten hours to complete.
Towards the end of such an experiment, an appreciable drift velocity was
evident in the fluid below the interface, the diffusion of momentum preceding
that of salt.

The results of the experiment can be classified with the use of dimensional
analysis. The entrainment velocity u, = dD/dt must be a function of u,, the
depth D of the mixed layer, the density p of fresh water, the density difference dp
across the interface, the gravitational acceleration g, the molecular viscosity v
and the molecular diffusivity «, together with the geometrical parameters of the
apparatus itself, the width W, the mean radius of the annulus R and the total
depth of fluid H. Consequently

U, 7 (g8pD op u, D v D W W)
o 1

U

pZ e Ty W RH )
The angular velocity Q of the screen needed to maintain the stress, non-dimen-
sionalized as RQ/[u ., can be expressed as a different function of the same variables.
The dependence on the first group, the overall Richardson number, is the one
sought in this investigation; as pointed out previously, in any one experiment
this ratio is constant. As far as the geometrical factors are concerned, the ratio
W/R was fixed by the apparatus, having been made as small as possible. For
accurate modelling, the radius R should be infinite; the influence of this factor is
unknown and can be established only by repeating the experiment with different
equipment. The influence of the total depth H was probably insignificant since
all measurements that were considered in the analysis were taken when D/H
was small and the experiments terminated when motion was observed near the
bottom. The ratio D/ W varied throughout each experiment, so that the influence
of this factor contributes to the variation in the ratio w,/u, throughout an
experiment. For application of these results to field situations, we are interested
in the limit D/W — 0. Variations in this ratio are perhaps the most troublesome
of the ‘spurious’ effects and reflect the varying fraction of the surface stress
balanced by drag of the side walls, as well as the varying structure of the annular
flow as the aspect ratio increases. To reduce this effect, measurements were
classified at fixed values of D/W and the extrapolation back to zero is discussed
later. The Reynolds number of the flow, expressed as u, D[v, was sufficiently
large that the upper layer was always fully turbulent, though not really large
enough for us to be confident that molecular viscosity is quite unimportant.
There was, however, no consistent dependence found of u,/u, on u, D[v or on
v/k, both of which ratios were varied, so that their influence will be neglected.
The variations in fluid inertia between the upper and lower layers, which are
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neglected in the Boussinesq approximation, influence the experiment in two ways.
First, at constant stress, the friction velocity u, may be uncertain to within a
factor [1+ (Ap[p)]}, where Ap is the increase in density in the upper mixed layer
above that of fresh water. Even with the strongest initial density difference dp
(about 0-4) Ap was less than 0-2 in the measurement phase of the experiment and
the uncertainty here was less than 10 9,. At first sight more serious is the use of
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the density p of fresh water in the definition of the Richardson number when dp
is as much as 0-4. If, however, this Richardson number is interpreted as the ratio
of energy densities, the kinetic energy density in the upper layer which is res-
ponsible for entrainment is proportional to (p+Ap)u% rather than pul; the
difference leads to an uncertainty in the Richardson number of order 20 %, and
the variation in Ap throughout an experiment also contributed to the variation
in u,fuy.

In summary, the entrainment rate in the experiment is primarily a function

of two variables,
E =v,fu, =f(Ri,D|W), (3)

and we are interested in establishing the functional form of this relation parti-
cularly when D/W ->0.

Figures 3 and 4 show a few of the measurements of layer depth D as a function
of time for both NaCl and CaCl,. At the lower Richardson numbers, when the
interface was extensively convoluted and the experiment proceeded quickly, the
position of the interface was recorded on movie film, the depth D being estimated
by averaging over five or ten frames. This procedure reduced, but did not
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eliminate the experimental scatter. The flow is, of course, turbulent, so that
random fluctuations must be expected. For Richardson numbers above about
300, the experiment was slower and the convolutions much less, so that the
depth could be read and recorded visually to within + 0-2 cm. Immediately after
the start, the turbulence in the upper layer develops and within about 10s en-
trainment begins. The subsequent increase of D with time is very nearly linear
at least initially, when D/W is relatively small. When Ri < 100, there is little
curvature in D(f) as D/W increases and this suggests that the values measured
are close to the limit D/W — 0. At values of Ri approaching 1000, however, the
slope decreases substantially with time, suggesting a more serious influence of
side-wall drag and the need for larger correction.

Figure 5 shows the entrainment rate £ = u,fu at a fixed aspect ratio D|/W of
0-25. To obtain these points, the slopes of straight lines fitted to the data in this
range were measured. Though there is a certain subjectivity in this, the errors
in an individual determination did not appear to exceed 109, or so and to give
some confidence in the results, each experiment was repeated a number of times.
In the calcium chloride measurements, the initial depth was 0-25W, so that for
these points the initial slope was measured disregarding the first few points
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Ficure 9. The entrainment rate as a function of Ri for D|W = 0, using the correction for
side-wall drag given by Kantha (1975). The symbols are as specified in figure 5.

immediately following the start of an experiment. The range of ¥ measured
covered two decades, so that even uncertainties of + 209, will not, it is hoped,
obscure the dependence on Ri.

Two methods were devised to estimate the limiting value of E as D/W —0.
The first involved simple extrapolation. From data sets at different values of Ri,
the slopes were estimated at various values of » = D/W and the entrainment
rates are shown as functions of 7 relative to that at » = 0-5 in figure 6 for NaCl
and figure 7 for CaCl,. For the lower Richardson numbers there is very little
dependence on 7 since D(t) is nearly constant throughout. For others, the straight
line having the least-square error with respect to data points below r = 0-5 was
drawn through the point = 0-5 with ordinate unity and extrapolated to zero.
This procedure in effect fits a parabola to the lower data points of sequences such
as those shown in figures 3 and 4 and appears to be reasonably satisfactory
except for the very highest Richardson number. It is evident from figure 4 that
when Ri = 1091, the slope of the curve D(¢) decreases quite rapidly after a depth
D of about 8cm is attained, corresponding to D/W ~ 0-35, and in this case it
is difficult to do much better than simply take the initial slope. The results,
corrected in this way, are shown in figure 8.
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Fieurg 10. The screen velocity U,fuy as a function of time for various values of
Ri in the experiments illustrated in figure 3. uy = 141 em/s, D, = 2:7cm.

An alternative method for estimating the entrainment rate as r >0 involves
the assumption that the stress, represented by u%, needed to parametrize the
results is in fact the Reynolds stress in the turbulence just above the entrainment
interface, which is less than that applied at the surface because of the drag of the
side walls. A rough calculation using a friction coefficient of 0-04R~# and described
in detail by Kantha (1975) provided a correction for u, that increased with
D|W and did not exceed 20 9,. When this velocity is used to scale the measure-
ments, the results are as shown in figure 9. The differences between this figure
and figure 8 are probably not significant.

Two interesting conclusions emerge from these measurements. The first is that
the entrainment rate evidently has no simple power-law dependence on Ri over
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the whole range studied. The slope of the measurements is like that of Ri~* over
the range 90 < R: < 400 but no reasonable (or even extreme) modification of the
data analysis or subsequent correction can extend thisrange very much. Although
at variance with earlier results on this apparatus and others from stirring
experiments, this finding is hardly surprising in view of the different physical
processes, described earlier, that are involved as the Richardson number increases.
We are unable at present to devise any properly argued theory to account for the
form of the relation £ = E(Rq).

The second point to note is that the entrainment rates measured here are
approximately twice as large as those found by Kato & Phillips (1969) over the
range 30 < R: < 200. In that experiment, the fluid below the mixed layer was
linearly stratified, so that energy could be lost from the turbulent layer by
radiation as internal waves in the fluid below. The reduced entrainment rate in
these circumstances is consistent with a similar decrease found by Linden (1975).

In each experiment, the period of revolution 7' of the screen was also measured
as a function of time, either by timing the wheel with a stop-watch or by deter-
mining from the movies the speed of marks made on the circumference of the
wheel. The speed U, of the screen, normalized by %, is shown in figure 10 as a
function of time for the experiments shown in figure 3. The irregularities that
can be seen in some experiments result mainly from the difficulty of keeping
the angular position of the turntable constant. During the first few seconds of
each experiment, the speed of the screen increases rapidly but by the time the
entrainment is proceeding, the rate of variation is considerably less. At higher
Richardson numbers, the speed of the screen required to maintain a given stress
decreases considerably during the experiment as the depth of the mixed layer
increases. We prefer not to speculate at this stage about the reasons for this
effect.

The authors wish to thank Professor R. R. Long, who was at all times willing
to spend his time in numerous discussions on this subject in particular and
stratified flows in general. The research was supported by the National Science
Foundation (Atmospheric Sciences Section) under Grant no. DES72-0159-A.02
and by the Office of Naval Research (Physical Oceanography Branch) under
Contract no. N00014-75-C-0700.

REFERENCES

CrAPPER, P. F. & Linpex, P. F. 1974 The structure of turbulent density interfaces.
J. Fluid Mech. 65, 45-63.

CroMweLL, T. 1960 Pycnoclines created by mixing in an aquarium tank. J. Mar. Res.
18, 73-82.

KanTtHA, L. H. 1975 Turbulent entrainment at the density interface of a two-layer
stably stratified fluid system. Dept. Earth Planet. Sci., Johns Hopkins Univ. Rep.
GFDL TR 75-1.

KaTo, H. & PHirries, O. M. 1969 On the penetration of a turbulent layer into stratified
fluid. J. Fluid Mech. 37, 643-655.

LinDEN, P. F. 1973 The interaction of a vortex ring with a sharp density interface: a
model for turbulent entrainment. J. Fluid Mech. 60, 467-480.



768 L. H. Kantha, O. M. Phillips and R. S. Azad

LinpEN, P. F. 1975 The deepening of a mixed layer in a stratified fluid. J. Fluid Mech.
71, 385-405.

Moorz, M. J. & Long, R. R. 1971 An experimental investigation of turbulent stratified
shearing flow. J. Fluid Mech. 49, 635-655.

Rousk, H. & Dopu, J. 1955 Turbulent diffusion across a density discontinuity. Houdlle
Blanche, 10, 522-532.

TroMPpsoN, S. M. & TurNER, J. S. 1975 Mixing across an interface due to turbulence
generated by an oscillating grid. J. Fluid Mech. 67, 349-368.

TurNER, J. 8. 1968 The influence of molecular diffusivity on turbulent entrainment
across a density interface. J. Fluid Mech. 33, 639-656.

TURNER, J. 8. 1973 Buoyancy Effects in Fluids. Cambridge University Press.

Woraxski, E. J. & Brusg, L. M. 1975 Turbulent entrainment across stable density step
structures. Tellus, 27, 259-268.



